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Abstract 

We characterize the differentiable points of the distance function from a closed 
subset N of an arbitrary dimensional Finsler manifold in terms of the number of 
1 iV-segments. In the case of a 2-dimensional Finsler manifold, we prove the structure 

theorem of the cut locus of a closed subset N, namely that it is a local tree, it is 
made of countably many rectifiable Jordan arcs except for the endpoints of the cut 
locus and that an intrinsic metric can be introduced in the cut locus and its intrinsic 
and induced topologies coincide. 

1 Introduction 

Since H. Poincare introduced the notion of the cut locus in 1905, the cut locus of a point or 
a submanifold in a Riemannian manifold has been investigated by many researchers ( [B]). 
In spite of this fact, any structure theorem of the cut locus has not been established yet 
except for special Riemannian manifolds. The main difficulty of formulating and proving 
such a theorem lies in the fact that the cut locus can be as complicated as a fractal set. In 
fact, Gluck and Singer ( |GSj ) constructed a smooth 2-sphere of revolution with positive 
Gaussian curvature admitting a point whose cut point is non-triangulable. Moreover, it 
is conjectured that the Hausdorff dimension of the cut locus would be a non-integer, if 
the manifold is not smooth enough. 

However, it has been shown that the Hausdorff dimension of the cut locus of a point is 
an integer for a smooth Riemannian manifold (see |ITd] ) and that the distance function 
to the cut locus of a closed submanifold is locally Lipschitz for a smooth Riemannian 
manifold as well as for the Finslerian case (see |IT] . |LNj ). Hence, the cut locus has weak 
differentiability. 

Nevertheless, if we restrict ourselves to a surface, the structure theorem for the Rie- 
mannian cut locus has been established. Indeed, the detailed structure of the cut locus 
of a point or a smooth Jordan arc in a Riemannian 2-manifold have been thoroughly 
investigated (see |SSTj . [Hj). For example, Hebda proved in [H] that the cut locus C p 
of a point p in a complete 2-dimensional Riemannian manifold has a local-tree structure 
and that any two cut points of p can be joined by a rectifiable arc in the cut locus C p 
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if these two cut points are in the same connected component. Here, a topological space 
X is called a local tree if for any x G X and any neighborhood U of x, there exists an 
open neighborhood V C U of x such that any two points in V can be joined by a unique 
continuous arc. 

In the present paper, the structure theorem of the cut locus of a closed subset of a 
Finsler surface will be proved. It should be noted that the investigations of the cut locus 
of a closed subset are scarce even in the case of a Riemannian manifold. We will also 
investigate the differentiability of the distance function of a closed subset of an arbitrary 
dimensional Finsler manifold. 

It is well-known that the differentiability of the distance function is closely related to 
the cut locus. For example, it is known that the squared distance function from a point 
p in a complete Riemannian manifold is differentiable at a point q if and only if there 
exists a unique minimal geodesic segment joining p to q and that the squared distance 
function is smooth outside of the cut locus of p. One of our main theorems (Theorem A) 
generalizes the facts above. 

Let N be a closed subset of a forward complete Finsler manifold (M,F). Roughly 
speaking, the Finsler manifold is a differentiable manifold with a norm on each tangent 
space. The precise definition of the Finsler manifold and some necessary fundamental 
notation and formulas will be reviewed later. 

A (unit speed) geodesic segment 7 : [0, a] — > M is called an N-segment if d(N, ■yit)) = t 
holds on [0,a], where d(N,p) := min{ d(q,p) | q G N} for each point p G M. If a non- 
constant unit speed iV-segment 7 : [0, a] — > M is maximal as an TV-segment, then the 
endpoint 7(a) is called a cut point of N along 7. The cut locus CV of N is the set of all 
cut points along all non-constant iV-segments. 

One of our main theorems is on the distance function from a closed subset of a Finsler 
manifold. The research of the distance function g?tv(-) := d(N, ■) from the closed subset N 
is fundamental in the study of variational problems. For example, the viscosity solution 
of the Hamilton- Jacobi equation is given by the flow of the gradient vector of the distance 
function d^, when N is the smooth boundary of a relatively compact domain in Euclidean 
space (see [LN] ). 

Although we do not assume any differentiability condition for the closed subset N C 
M, we prove the following remarkable result. 

Theorem A Let N be a closed subset of a forward complete arbitrary dimensional 
Finsler manifold (M,F). Then, the distance function d^ from the subset N is differ- 
entiable at a point q G M \N if and only if q admits a unique N-segment. 

Theorem B and Theorem C are our main theorems on the cut locus. The theorems 
corresponding to Theorems B and C have been proved in [ShTj for the cut locus of 
a compact subset of an Alexandrov surface . We should point out that the Toponogov 
comparison theorem was a key tool for proving main theorems in [ShTj , but the Toponogov 
comparison theorem does not hold for Finsler manifolds. Hence, completely different 
proofs will be given to Theorems B and C. 

Theorem B Let N be a closed subset of a forward complete 2-dimensional Finsler man- 
ifold (M,F). Then, the cut locus Cn of N satisfies the following properties: 
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1. Cn is a local tree and any two cut points on the same connected component of Cn 
can be joined by a rectifiable curve in Cn- 

2. The topology of Cn induced from the intrinsic metric 5 coincides with the topology 
induced from (M, F). 

3. The space Cn with the intrinsic metric S is forward complete. 

4- The cut locus Cn is a union of countably many Jordan arcs except for the endpoints 



Theorem C There exists a set £ C [0, sup djq) of measure zero with the following prop- 
erties: 

1. For each t E (0, sup d^) \ £, the set dj^it) consists of locally finitely many mutually 
disjoint arcs. In particular, if N is compact, then d^^t) consists of finitely many 
mutually disjoint circles. 

2. For each t E (0,suprfAr) \ £, any point q E d]^ (t) admits at most two N -segments. 

Remark 1.1 Notice that the cut locus of a closed subset is not always closed (see Exam- 
ple E7|), but the space Cn with the intrinsic metric 5 is forward complete for any closed 
subset of a forward complete Finsler surface. In the case where N is a compact subset of 
an Alexandrov surface, all claims in Theorems B and C were proved except for the third 
claim of Theorem B. 

Let us recall that a Finsler manifold (M, F) is an n- dimensional differential manifold 
M endowed with a norm F : TM — y [0, oo) such that 

1. F is positive and differentiable on TM := TM \ {0}; 

2. F is 1-positive homogeneous, i.e., F(x,Xy) = XF(x,y), A > 0, (x, y) E TM; 



Here TM denotes the tangent bundle over the manifold M. The Finsler structure is 
called absolute homogeneous if F(x, —y) = F(x,y) because this leads to the homogeneity 
condition F(x, Xy) = \X\F(x, y), for any AeK. 

By means of the Finsler fundamental function F one defines the indicatrix bundle 
(or the Finslerian unit sphere bundle) by SM := U x( zmS x M, where S X M := {y E 
M\F(x,y) = l}. 

On a Finsler manifold (M, F) one can define the integral length of curves as follows. 
Let 7 : [a, b] — y M be a regular piecewise C°°-curve in M, and let a := to < t\ < ■ • • < 
tk := b be a partition of [a, b] such that 7|[t j _ 1; t i ] is smooth for each interval 
% E {1,2, ... ,k}. The integral length of 7 is given by 



ofC N . 



3. the Hessian matrix gij(x,y) : 



1 d 2 F 2 

2 dy l dyi 



is positive definite on TM. 




(1.1) 
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where 7 = — is the tangent vector along the curve 'yl [*i_i,tj] ■ For such a partition, let us 

(Jjv 

consider a regular piecewise C^-map 

7 : (-e, e) X [a, 6] ->• M, (u,t) *-> i(u,t) (1.2) 

such that 7|(_e, e )x[ti-i,ti] is smooth for all i G {1, 2, . . . , k}, and 7(0, t) = j(t). Such a 
curve is called a regular piecewise C°°-variation of the base curve j(t), and the vector 
c?7 

field ?7(t) := — (0, t) is called the variational vector field of 7. The integral length C{u) 

of 7(w, t) will be a function of u, defined as in ( II. ip . 
By a straightforward computation one obtains 



K 

i=l 



;i.3) 



9j(D^, U)dt, 



where .D-y is the covariant derivative along 7 with respect to the Chern connection and 7 
is arc length parametrized (see |BCSj . p. 123, or [5], p. 77 for details of this computation 
as well as for the basis on Finslerian connections). 

A regular piecewise C°°-curve 7 on a Finsler manifold is called a geodesic if C'(0) = 
for all piecewise C°°-variations of 7 that keep its ends fixed. In terms of Chern connection 
a constant speed geodesic is characterized by the condition = 0. 

Let now 7 : [a, b] — > M be a unit speed geodesic and a : (—e,e) — > M a C°°-curve 
such that cr(0) = 7(6). If one considers a C^-variation 7 : (— e, e) X [a, &] — ► with one 
end fixed and another one on the curve a, i.e. 

7(w, a) = 7(a), 7(w, 6) = tr(tt), (1.4) 

then formula ( II. 3p implies that the integral length C(u) of the curve 7 u (t) := j(u,t), 
t G [a, 6] satisfies the first variation formula ([S], p. 78): 

£ , (0)=y W) (7(6),«T(0)). (1.5) 

This formula is fundamental for our present study. 

Using the integral length of a curve, one can define the Finslerian distance between 
two points on M. For any two points p, q on M, let us denote by Q Ptq the set of all 
piecewise C°°-curves 7 : [a, b] — » M such that 7(a) = p and 7(6) = g. The map 

d : M x M [0,oo), d(p,q):= inf L( 7 ) (1.6) 

gives the Finslerian distance on M. It can be easily seen that d is in general a quasi- 
distance, i.e., it has the properties 

1. q) > 0, with equality if and only if p = g; 

2. cZ(p, g) < d(p, r) + d(r, g), with equality if and only if r lies on a minimal geodesic 
segment joining from p to q (triangle inequality). 
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In the case where (M, F) is absolutely homogeneous, the symmetry condition d(p, q) = 
d(q,p) holds and therefore (M,d) is a genuine metric space. We do not assume this 
symmetry condition in the present paper. 

Let us also recall that for a forward complete Finsler space (M,F), the exponential 
map exp : T p M — > M at an arbitrary point p G M is a surjective map (see |BCS] . p. 152 
for details). This will be always assumed in the present paper. 

A unit speed geodesic on M with initial conditions 7(0) = p G M and 7(0) = T G S p M 
can be written as 7(t) = exp p (tT). Even though the exponential map is quite similar 
with the correspondent notion in Riemannian geometry, we point out two distinguished 
properties (see [BCSj . p. 127 for and details): 

1. exp x is only C 1 at the zero section of TM, i.e. for each fixed x, the map exp x y is C l 
with respect to y G T X M, and C°° away from it. Its derivative at the zero section is 
the identity map (Whitehead); 

2. exp x is C 2 at the zero section of TM if and only if the Finsler structure is of Berwald 
type. In this case exp is actually C°° on entire TM (Akbar-Zadeh). 

2 The distance function from a closed subset 

Let N a closed subset of a forward complete Finsler manifold (M,F). For each point 
p G M \ N, we denote by Tn(p) the set of all unit speed iV-segments to p. Here a unit 
speed geodesic segment 7 : [0, a] — > M is called an N-segment if d(N,j(t)) = t holds on 
[0, a], where d(N,p) := min{ d(q,p) \ q G iV} for each point p G M. If a non-constant unit 
speed iV-segment 7 : [0, a] — > M is maximal as an iV-segment, then the endpoint 7(a) 
is called a cut point of iV along 7. The cut locus Cn is the set of all cut points along all 
non-constant iV-segments. Hence Cjv H N — <j). Notice that there might exists a sequence 
of cut points convergent to N if N is not a submanifold. 

Remark 2.1 We discuss here only the forward complete case. Let us point out that 
in the Finsler case, unlikely the Riemannian counterpart, forward completeness is not 
equivalent to backward one, except the case when M is compact. 

First, two versions of the first variation formula for the distance function from the 
closed set N will be stated and proved. These formulas are fundamental for the study 
of the cut locus hereafter. In Proposition 12.6} as an application of the first variation 
formula, it is proved that the subset of the cut locus of N that consists of all cut points 
of N admitting at least two iV-segments is dense in Cat. 

The following proposition was proved in [IT] for the distance function from a closed 
submanifold of a complete Riemannian manifold. Since the distance function on a Finsler 
manifold is not always symmetric, we have two versions of the first variation formula in 
our case. 

Proposition 2.2 (Generalized first variation formula, forward version) 
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Moreover, 



Let {7j : [0, Zj] — > M} 6e a convergent sequence of N -segments in an n- dimensional 
Finsler manifold M . If the limit 

exists, then 

9woo( v i w oa) = niin{# w ('z/,u>)| 10 is the unit velocity tangent vector ^ 

at x of 7 G Ta^x)}. 

,. d{NMh))-d{N,x) f 
ZjoZcZs. 

Here x := lim^oo 7 j(/j), Woo : = li m i->oo 7i(^) £ T X M, and exp" 1 denotes the local 
inverse map of the exponential map exp x . around the zero vector. 

Proof. Let <7j : [0, d(x, Ji(k))] —> M denote the unit speed minimal geodesic segment 
emanating from x to 7i(Zj), and hence 

= -P( -U (l \\\ ™VZ\li{k)). (2.4) 

Let us choose a positive constant 8 in such a way that j(l — 8) is a point of a strongly 
convex ball around x. Here 7 := lim^oo 7i and / := lim^oo Zj. 
By the triangle inequality 

d(N, x) < d(N, 7i (Z - 5)) + d( 7i (Z - 5), x), 

and hence, we obtain 

d(N 7li (li)) - d(N,x) > d( 7i (Z - <y),7i(ii)) - d( 7i (Z " ( 2 - 5 ) 

If we apply the Taylor expansion formula for the function f(t) := cZ( 7 j(Z — 5), it 
follows from the first variation formula (II. 5p that there exists a positive constant C such 
that for any i and any sufficiently small \t\ 

d(rfi(l - 8),o-i(t)) > d(ji(l - 8),x) + g Wi {w h di{<S))t - Ct 2 , (2.6) 

where u>; denotes the unit velocity vector at x of the minimal geodesic segment joining 
from 7j(Z — 5) to x. Thus, we obtain, by ( 12. 5 j) and ( 12. 6 p 

hmmf — > luami g Wi {wi,ai{0)). (2.7) 

Since lim^oo 7i = 7, we have 

lim Wi = Woo. (2.8) 



From IHD, OH, (ETD, and (EH}, it follows 

Let /3 : [0, 1] — > M be any unit speed iV-segment in T N (x). The triangle inequality 
again gives 

d(N, 7i (k)) < d(N, f3(l - 5)) + d(f3(l - S)MU)), (2-10) 

where the positive constant S is chosen in such a way that (3(1 — 5) lies in a strongly convex 
ball at x. 

The relation (I2.10p implies 

d(N, ji(k)) - d(N, x) < d(/3(l - 5), 7i (Z0) - <W -S),x) (2.11) 

and from the Taylor expansion and the first variation formula ( II. 5p it results that there 
exists a positive constant C such that 

d(P(l - S),ji(h)) ~ <W -S),x)< g wm (w(p), &i(0))d(x, ^(k)) + Cd(x, lt (k)) 2 (2.12) 

for any i, where w(j3) := 0(1). Hence, for any iV-segment /3 G F^(x), we have 

limsup ^^f^'f.^^ < )hRg vW (w(P)M0))=g vW {w{P),vf). (2.13) 

In particular, we obtain 

,. d(N, ll (h))~d(N,x) f 

limsup — < gw^w^v 7 ). 2.14 

i^oo d(x,ji(li)) 

Now, the relation follows from <^M) and (127141) . while Q is implied by O and 

(EH- □ 

Proposition 2.3 (Generalized first variation formula, backward version) 

Let {'-/i : [0,/j] — >■ M} 6e a convergent sequence of N -segments in an n- dimensional 
Finsler manifold M. If the limit 



v b := lim — — exp-j. .(a) (2.15) 

"^(exp-^^x)) P ^) V ' 



exists, then 

gw 00 (—v b ,w 00 ) = mm{g w (— v b , w)\ w is the unit velocity tangent vector 

at x 0/7 G rV(:r)}. 

Moreover, 

d(NMh))-d{N,x) b 

lim , 7tt r = ^(-u , Woo 2.16 

4 ^oo d(7i(/i),x) 

holds. 

Here x := lim^oo 7^) and := lim^oo ^(k). 
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Proof. The proof is similar to that of Proposition I2.2[ if we apply the Taylor expansion 
for the functions (1(^(1 — 5),o~i(t)) and d(/3(l — 5),cri(t)). Here o~i : [— e?(7j(Zj), x), 0] — > M 
denotes the minimal geodesic segment emanating from 7i(/i) to x. □ 

The following theorem gives a necessary and sufficient condition for the distance func- 
tion from a closed subset to be different iable at a point. This theorem corresponds to the 
theorem of the differentiability of a Busemann function (see |KTIj ). 

Theorem 2.4 Let N be a closed subset of a forward complete n- dimensional Finsler 
manifold M. Then, the distance function d^(-) := d(N,-) is differentiable at a point 
q £ M\N if and only if there exists a unique N -segment to q. Furthermore, the differential 
(dd^q of dw at a differentiable point q £ M \ N satisfies that 

(dd N ) q (v) = g x (X,v) 

for any v £ T q M. Here X denotes the velocity vector at q of the unique N -segment to q. 

Proof. Suppose that a point q £ M \N admits a unique iV-segment a : [0, 1] — > M. Let 
v be any tangent vector with F(v) = 1. We obtain, by Proposition 12. 2[ 

(d N o exp )(tv) - (d N o exp )(O q ) 
km = ga(i){a(l),v). 



Hence, by Lemma [2. 5 [ d^- o exp g is differentiable at the zero vector O q . This implies that 
g?at is differentiable at q, since (dexp q )o q is the identity map on the tangent space T q M 
at q. Suppose next that d N is differentiable at a point q £ M \ N ', and let a : [0, 1] M 
be a unit speed iV-segment to q. It is clear that 

d N (a(t)) - d N (q) 
hm = 1. 

tf-i t-l 

Since d^{a{f)) is differentiable at t — 0, we obtain 

d N (a(t)) - d N (q) = 
t\i t-l K ' 

Choose a decreasing sequence {ti} convergent to / in such a way that the sequence of 
TV-segments to a(ti) has a unique limit iV-segment (3. Here the iV-segment a is assumed 
to be extended as the geodesic on [0, oo). From Proposition 12.21 and ( I2.17P it follows that 

d N (a(U)) - d N (q) ■ 
1 = hm — — = gp {l) W),a{l)) 

and 

^(i)(^(0»«(0) = min {9i(i)(j(l),u(l)) I 7 e T N (q)}. 

Hence, g^dil), <i(0) — ^> f° r an y 7 e r7v(q r ). Therefore, by Lemma 1.2.3 in [S], 7(Z) = 
for any 7 £ T N (q), and g admits a unique iV-segment. □ 
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Lemma 2.5 Let f : U — >■ R be a Lipschitz function on a open convex subset around the 
zero vector O of a Minkowski space (V, F) with a Minkowski norm F. Suppose that there 
exists a linear function u : V — > R such that for each e G F~ l (l), 

, f(Xe)-f(0)-u(Xe) 

lim ^ — '- J -±-l — - = 0. 2.18 

a\o A 

Then, 

u m /w-/(Q)-'M =0 , (2 . 19) 

F(v)^0 F(v) 
i.e., f is differentiable at the zero vector O, and its differential at O is u. 

Proof. Choose any positive number e and fix it. Since -F _1 (l) is compact, we may choose 
finitely many elements e±, . . . , of in such a way that for any e G there 

exists some ej satisfying 

F (z-Zi)<4r and |w(e-ei)| < e/3. (2.20) 

Here L denotes a Lipschitz constant of the function /. Let v be any non-zero vector of U 
and choose any e^. By the triangle inequality, 

\f(v)-f(0)-u(v)\ < \f( v )- fiXe^fiXe,)- f{0)-u{Xe^\ + \uj{v)-uj{Xe t )l (2.21) 

where A := F(v). Since / is a Lipschitz function with a Lipschitz constant L, 

\f(v) - /(AeOI < LF(v - Ae,) = XLF(e(v) - e t ), 

where e(v) := f G Hence, by means of (12.181) and f 1 2 . 2 1 1) . we get 

limsup — - — 1— ( | — < L lim sup \F(e(v) — e,)| + limsup \u(e(v) — e^) | . 

F(y)-+0 F{ v ) A\0 A\0 

Here, by choosing ej so as to satisfy (I2.20p . we get 

r \f(v)-f(Q)-u(v)\ , 
hm sup — — < e. 

F(«)-+0 F ( v ) 



Since e is arbitrarily chosen, relation ( I2.19P follows. 



□ 



Let us recall that the cut locus Cat is the set of all endpoints of non-constant maximal 
./V-segments and that each element of Cat is called a cut point of N. 

The following proposition was proved by Bishop ( |Bh] ) for the cut locus of a point in 
a Riemannian manifold. However, the proof of the following proposition is direct, and 
hence completely different from the one by Bishop. 

Proposition 2.6 Let N be a closed subset of a forward complete n-dimensional Finsler 
manifold M. Then the subset of Cn, which consists of all cut points of N admitting (at 
least) two N -segments, is dense in the cut locus of N. 
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Proof. Let p be a cut point of N which admits a unique iV-segment. Suppose that there 
exists an open ball Bs 1 {p) each element of which admits a unique iV-segment. From 
Theorem 12.41 it follows that the distance function d^\Bs 1 (p) is a (^-function and has no 
critical points. Hence, by the inverse function theorem, there exists a C 1 -diffeomorphism 
tp:(l- 25 2 , 1 + 25 2 ) x U h -> (p((l - 25 2 , 1 + 25 2 ) x U 5s ) c B 6l (p) such that <p(l, O) = p, 
and d(N,<p(t,q)) = t on (/ — 252,/ + 25 2 ) x [7^. Here I := d(N,p), and C7j 3 denotes 
the open ball of radius 5% centered at the origin O in i? n_1 . For each point x G C/^, 
let 7 X : [0, Z + 5 2 ] — > M denote the iV-segment passing through <p(l,x). Since the set 
Uxcu + S 2 ] is a neighborhood of p for each e G (0,53), the family {7a;|[o,«+5 2 ]} °f 

A^-segments shrinks to an ^-segment 7 : [0, / + 5 2 ] — > M passing through p when e goes 
to zero. This is a contradiction. 

□ 

It is known that the cut locus of a point in a complete Finsler manifold is closed (see 
for example jBCS] ). The following example shows that in general the cut locus of a closed 
subset in Euclidean plane is not closed. 

Example 2.7 Choose any strictly decreasing sequence {0 n } with Q\ G (0, it) which is 
convergent to zero. Let D denote the closed ball with radius 1 centered at the origin of 
Euclidean plane E 2 endowed with the standard Euclidean norm and let B n be the open 
ball with radius 1 cantered at q n , for each n = 1, 2, 3, . . . Here q n ^ D denotes the center of 
the circle with radius 1 passing through two points (cos# n , sin^n,) and (cos# n+ i, sin^n+i). 
A closed subset of Euclidean plane is defined by 

00 

N := D \ |J B n . 

n=l 

It is trivial to see that the sequence {q n } of cut points of A^ converges to the point (x, y) = 
(2, 0). On the other hand, the point (x, y) = (2, 0) lies on the A^-segment {(x,0) 1 1 < x < 
3}. This implies that the cut locus of the set A^ is not closed in E 2 . 

3 The cut locus is a local tree 

From now on A^ denotes a closed subset of a forward complete 2-dimensional Finsler 
manifold (M, F). For each point p G M \ N, we denote by T N (p) the set of all unit speed 
A^-segments to p, and by B$(q) the forward ball 

B s (q) := {reM\d(q,r)<5}, 

centered at a point q G M and of radius S. 

Let x be a cut point of N. Choose a small 5q > (to be fixed) in such a way that 
-E>45o( x ) is a strongly convex neighborhood at x. For any y G Cn H B$ (x) , each connected 
component of 

B 3So (x)\H0,d(N,y)}\j eT N (y)} 

is called a sector at y. 
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Choose any distinct two cut points y and y\ of N from Bg (x). One can easily see that 
any 7 G T N (y ) does not pass through y x . Hence there exists a unique sector T, yo (y 1 ) at y 
containing y 1 . Let Ti yi (y ) denote the sector at yi containing y . Since each A^-segment 
to a point in Bs (x) intersects S2S ( X ) '■= {l £ M\d(x,q) = 2So} exactly once, the set 

W(j/ ,J/i) := Z yo (yi) D Z yi (y ) n B Mo (a;) 

is a 2-disc domain. Furthermore, there exist exactly two open subarcs I and J of S25 (x) 
cut off by ^-segments in V^i^yo) or r at (2/1). If ^(2/0) or IV^i) consists of a single iV- 
segment, then I and J have a common end point. Notice that for each point r G W(yo, y±), 
any A^-segment to r meets 7 or J. Let Wi(yo,yi) (respectively Wj(y ,yi)) denote the set 
of all points r in W(yo,yx) which admit an iV-segment intersecting I (respectively J). 

Lemma 3.1 Neither of Wj(y ,yi) nor Wj(yo,yx) is empty. Moreover, if y and yi are 
sufficiently close each other, then Wi(yo,yx) fl Wj(yo,yi) is a subset of Bg (x). 

Proof. Let 7/ and 7j denote the iV-segments in rjv(|/o) that form part of the boundary 
of W (2/0,2/1)- Here we assume that 77 (respectively jj) intersects S25 (x) at an end point 
of I (respectively J). Notice that 77 = 7j holds if and only if Tn^o) consists of a single 
element. Take t G (0, d(N, y )) so as to satisfy that 7/ (to) an d Jj(to) are points in Bs (x). 
Choose strongly convex neighborhoods B e (7/(t ))(c Bg Q (x)) and B e ( n fj(to))(G B$ (x)) in 
such a way that -B e (7/ (to)) H B e (-fj(to)) = if 7/ 7^ 7j. It is clear that 

D z :=^(j/ ,I/i)n5 e (7 7 (to)) and := H% , H B € (jj(t )) 

are disjoint if 7/ 7^ 7j. 

In the case when 7/ = 7j, and Dj denote the two connected components of 
-B e (7/(£o)) \ li[Q,d(N,yo))]. In this case, we may assume that for each t G I sufficiently 
close to the intersection of 7/ and S 2 5 (x), the minimal geodesic segment from t to 7/ (to) 
intersects Dj, but does not intersect Dj. 

Suppose that 7/ 7^ 7j and Wi(yo, y±) or Wj(yo, y\) is empty. Without loss of generality, 
we may assume that Wi(yo,yi) = 0- Choose a sequence {q n } of points in Di converging 
to 7/ (to)- Let a be a limit iV-segment of the sequence {a n }, where a n G TN(q n ). Since 
we have assumed that Wi(y ,yi) is empty, for each n, a n intersects J. The A"-segment a 
intersects the closure J of J. Hence 7/ (to) admits two A^-segments a and 7/|[o,t ] if li 7^ 7j? 
that is, a contradiction. Therefore, we must have 77 = jj. 

Choose any point qj from Dj, and fix it. Let aj : [0, d(N, qj)} — > M be an element of 
rjv(gj), and (3 the unique minimal geodesic segment joining from qj to 7/ (to) = 7j(to)- 
Since we assumed that Wj(y , yi) is empty, aj intersects S 2 s (x) at a point of J. Then the 
three geodesic segments aj, (3 and 7j|[o,t ] bound a 2-disc domain D(aj, (3) together with 
the subarc c of J cut off by aj and 7/ = 7j. Since we assumed that Wi(y , yi) is empty, 
the A^-segment a n intersects J for each n and the sequence {a n } converges to 7/ 1 [o,t ] • 
Therefore, for any sufficiently large n, a n intersects c, the subarc of J. Hence a n passes 
through the disc domain D(aj,(3), and intersects (3 at a point p n G Dj. The subarc 
7 n of a n with end points p n and g n is minimal and both end points are in B e (7/(t )). 
Since 5 e (7/(t )) is a strongly convex ball, the subarc is entirely contained in the ball and 
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joins p n G Dj to q n G Dj. Hence 7 n meets 7/ at a point in B e (ji(t )). This is again a 
contradiction, since both a n and 7/ are iV-segments. The second claim can be proved by 
a similar argument as above. □ 

Lemma 3.2 For each x G Cn and each sector H x at x, there exists a sequence of points 
in Y, x fl Cn convergent to x. 

Proof. Suppose that there exists no cut point of N in B € (x)r\Ti x for some sufficiently small 
positive e. Let 7 denote an iV-segment to a point in Ti x fl S e / 2 (x). Take any 5 G (0, e/2). 
For each point y G Y> x fl S${x), there exists an iV-segment 7 y to y. We get a family 
of iV-segments {ly} y e^ x ns s (x)- Since there exists no cut point of N in B e (x) fl T: x , the 
A"-segment 7 is a restriction of 7 y for some y G fl S$(x). Since 5 is chosen arbitrarily 
small, 7 is extensible to an iV-segment to x, which lies in the sector H x . This contradicts 
the definition of the sector. □ 

Lemma 3.3 W^yi) n Wj(y Q ,yi) ^ 0. 

Proof. It is clear that the set W(yo,yi) is the union of Wi(yo,yi) and Wj(yo,yi), and 
that both Wi(yo,yi) and Wj(?/o, 2/1) are relatively closed in W(yo,y\). Hence Wi(yo,yi) C\ 
Wj(y , y±) ^ 0, since W(y ,yi) is connected, and neither of W I (y Q ,yi) nor Wj(y G ,yi) is 
empty by Lemma [3. 11 □ 

Let us recall that an injective continuous map from the open interval (0, 1) or closed 
interval [0, 1] of M. into M is called a Jordan arc. An injective continuous map from a 
circle S 1 into M is called a Jordan curve. The image of a Jordan arc or a Jordan curve 
is also called a Jordan arc or Jordan curve, respectively. 

Lemma 3.4 Suppose that the cut points yo and y\ of N are sufficiently close each other, 
so that Wi(yo, yi) H Wj(yo, y\) C B$ (x). Then, for each point t G /, there exists a unique 
point r G Wj(yo,yi) fl Wj(yo,yi) such that there exists a sector at r containing t or there 
exists an N -segment to r which passes through the point t. 

Proof. Since / and the closure I of I are Jordan arcs, we may assume that / = (0, 1) 
and / = [0, 1]. Suppose that there does not exist an Af-segment to a point in Wi(y , yi) D 
Wj(yo,yi) passing through some t G (0,1) = /. Let t+ G / and t_ G / denote the 
minimum and the maximum of the following sets respectively: 




{s G [t,l] \ there exists an element of r^r) passing through s} 




{s G [0,t] \ there exists an element of T^(r) passing through s} 



r&W I {y ,y 1 )C\Wj{y ,y 1 ) 

It is clear that there exists a point r + (respectively r_) in Wi(yo,yi) fl Wj(yo,yi) such 
that there exists an A^-segment to r + (respectively r_) passing through t + (respectively 
Suppose that r + 7^ r_. By applying Lemma I3T3| we get a cut point r G W/(r_,r + ) fl 
H / j(r_,r + ) such that there exists an A^-segment to r passing through a point in (t_,t + ). 
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Notice that t_ < t < t + , since we assumed that there does not exist an iV-segment to a 
point in Wi(y , yi)r\Wj(y , yi) passing through the point t. This contradicts the definitions 
of t + and t_. Thus, r + = r_, and there exists a sector at r + = r_ £ Wj(yo> ^ W/jd/o, yi) 
containing t. The uniqueness of the existence of the point r is clear, since r £ Wi(yo, y\) D 
Wj(z/0) C Cn-i and an iV-segment does not intersect any other iV-segment at its interior 
point. 

□ 

Proposition 3.5 Let x be a cut point of N, and B^ Q {x) a strongly convex neighborhood 
at x. Then, there exists 5 £ (0, 5q) such that any cut point y £ B$(x) D Cn can be joined 
with x by a Jordan arc in Bg (x) D Cn- 

Proof. Choose a sufficiently small positive 5, so that Wi z (x,z) fl Wj z (x,z) C B$ (x) for 
any 2 £ B$(x)\{x}. Here 7 2 and J z denote the open subarcs of S 2 $ (x) that form part of the 
boundary of W(x, z) := H x (z) D S z (x), and Tl z (x) (respectively Tl x (z)) denotes the sector 
at z (respectively at x) containing x (respectively z). Choose any y £ Cn D B$(x) \ {x} 
and fix it. Since I and its closure I are Jordan arcs, we may assume that I = (0, 1) 
and I = [0, 1]. Here / and J denote the subarc of S 2 s (x) corresponding to the cut point 
y. Here we assume that the iV-segment to y (respectively x) forming the boundary of 
Wi(x,y) fl Wj(x,y) passing through the point (respectively 1), which is an endpoint of 
I. 

We will construct a homeomorphism from I into Cat fl B$ (x). Choose any t £ / and 
fix it. If there exists a cut point z £ Wi(x,y) fl Wj(x,y) such that a minimal geodesic 
segment in T N (z) passes through t, we define = z. Suppose that there is no such 
a cut point z £ Wi(x,y) fl Wj(x,y) for t. Then, from Lemma [3.4[ it follows that there 
exists a sector S r at r containing t for some cut point r £ Wi(yo,yi) fl Wj(yo,yi). We 
define £(t) = r for such a t. Hence we have constructed a continuous map £ from / into 
-B(5o( ;E ) ^ CiV) where we define £(0) = y and £(1) = cc. 

It is clear that if £(ti) = £(£2) holds for distinct t 1 ,t 2 £ /, then there exists an interval 
[a, b] C / such that £|[ a ,f>] = £(£i)> ^1,^2 £ [a,b]. Hence there exist countably many 
mutually disjoint subintervals {I n }n of /, such that £(ti) = £(£2) holds for distinct t%, t 2 
if and only if t\ and t 2 are elements of a common I n . 

Let / : [0, 1] — > [0, 1] be a continuous non- decreasing function such that /(0) = 0, 
/(l) = 1 and such that /(ii) = /(^) for distinct t\, t 2 if and only if t\ and £2 he in a 
common J n (the existence of the function / is proved in Lemma 4.1.3 in [SST] ). 

Then the curve c : [0, 1] — > B$ (x) fl Cn defined by 

c(u) := £(max/ _1 (M)) 

is injective and continuous. Hence, the cut points y and x can be joined by a Jordan arc 
in B So (x) fl C N . □ 

A topological set T is called a tree if any two points in T can be joined by a unique 
Jordan arc in T. Likely, a topological set C is called a local tree if for every point x £ C 
and for any neighborhood U of x, there exists a neighborhood C U of a: such that C 
is a tree. A point of a local tree C is called an endpoint of the local tree if there exists a 
unique sector at x. 
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Theorem 3.6 Let N be a closed subset of a (forward) complete 2- dimensional Finsler 
manifold M. Then the cut locus of N is a local tree. 

Proof. Let x be a cut point of N, and U a neighborhood of x. Choose a strongly convex 
ball B i s (x) C U. Let 5 be a positive number guaranteed in Proposition 13.51 Let £ denote 
the intersection of all Y, y (x), where y G Ss(x) R Cn- From Proposition I3.5[ it follows that 
any point y G £ R R B$(x) can be joined by a Jordan arc c in Bs (x) R Cat. Since the 
curve c does not intersect Sg(x), the curve lies in the set £ R B§(x)(c U). Hence any cut 
point of N in £ R B$(x) can be joined to the point a; by a Jordan arc in £ R Cn R B$(x). 
This implies that any two points in £ R Cn R B&(x) can be joined by a Jordan arc in 
£ R Cat R Bg(x) by way of x. Suppose that there exist two Jordan arcs in £ R Cn R Bs(x) 
joining two cut points of iV in £ R Bg(x). Then, the Jordan arcs contain a Jordan curve 
a as a subset in the convex ball B$(x). Take a point z in the domain bounded by a. 
Any iV-segments to z intersect a C Cn- This is a contradiction. Thus, any two points in 
£ R Cn R Bg(x) is joined by a unique curve in the set. It is trivial that £ R Cn R B$(x) is 
a neighborhood of x since any iV-segment to a point of Cn R ^(x) does not pass through 
the point x. Therefore, £ R Cat R B$(x) is a tree and a neighborhood of x in Cn- n 

4 Key lemmas 

In this section, two key lemmas (Lemmas 14.31 and I4.4p are proved. Before stating them, 
we need two fundamental lemmas which are true for any dimensional Finsler manifolds. 
The first one is well known (see for example [BCSj . Lemma 6.2.1). 

Lemma 4.1 Let (M,F) be a (forward) complete Finsler manifold. Then, for each posi- 
tive number a > 0, there exists a constant A (a) > 1 such that 



for any x, y G B a (p). 

Lemma 4.2 Let (M,F) be a (forward) complete Finsler manifold and, let a : [0, oo) x 
[0, 27r] — > M denote the map defined by 



where v(6) denotes a parametrization of the indicatrix curve S p M = {v G T p M\ F(p, v) = 
1}, and 9 denotes the usual Euclidean angle. 

Then for each a > 0, there exists a positive constant C(a) such that 



X(a) 1 d(y ) x) < d(x,y) < X(a)d(y,x) 



a(t, 6) := exp p (tv (9)), 




for any t G [0, a] and any 9 G [0, 2%]. 
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Proof. For each 9, 

Ye(t) :=^M) 

is a Jacobi field along the geodesic je(t) := a(t, 9) (see p. 130 in |BCSj or p. 167 in [S] for 
the details on the Jacobi equation in Finsler geometry). The Jacobi field Yg(t) satisfies 
the differential equation 

D T D T Y e (t) + R(Y e (t)Mt))ie(t) = 

with initial conditions 

dv 

Y e (0)=0, D T Y 6 (0) = — (0). 

Here Dt denotes the absolute derivative along 70 (i) with reference vector T(t) := 70 (t) 
and R denotes the /i-curvature of M. Since Yg(t) depends continuously on the initial 
conditions, there exists a constant C(a) such that 

F(Y e (t)) < C(a) 

for any t E [0, a] and 9 G [0, 2vr]. □ 
We define the length 1(c) of a continuous curve c : [a, b] — > M by 

k 

1(c) := sup{J^ d(c(ti_i), c(ti)) I a =: t <*!<■•• < 4-i < 4 := 6}. (4.1) 

i=i 

From now on, we will fix a Jordan arc c : [0, 1] — > Cn in the cut locus of a closed 
subset N of a (forward) complete 2-dimensional Finsler manifold (M,F). 

Lemma 4.3 Let [a, b] be a subinterval of[0, 1]. Suppose that there exists a positive number 
€q such that for each t £ [a, 6) (respectively t £ (a, 6]), 

lim D N (c(t ),c(t)) > e 

t \to 

(respectively lim D^(c(t), c(t )) > e ). 

Then, the length 1(c) of c is not greater than j^(d(N, c(b))—d(N, c(a))), i.e., c is rectifiable. 
Here, 

d(N,y)-d(N,x) 

D ^yy-= — d&y) — • 

Proof. From our assumption, for any sufficiently fine subdivision u := a < u\ < ■ ■ ■ < 

n n _i <u n :=b of [a, b], 

d(N, c(u i+1 )) - d(N, c(ui)) > e d(c(ui), c(u i+1 )) 
holds for each i = 0,1, . . . ,n — 1. Therefore, the length of c is not greater than 
1 n_1 1 

- ^2(d(N, c(u l+l )) - d(N, c( Ui ))) = -(d(N, c(b)) - d(N, c(a))). 



□ 
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Lemma 4.4 Let [a,b] be a subinterval of [0, 1]. Suppose that there exists a point p £ M 
such that for each t £ [a, b], the minimal geodesic segment from p to c(t) does not intersect 
c[a,b] except c(t) and such that c[a,b] is disjoint from the cut locus of p and P := {p}. 
Suppose that there exists eo £ (0, 1) such that 

lim D P (c(t ),c(t)) < e , (4.2) 

t\to 

(respectively lim Dp(c(t), c(to)) < eo) (4.3) 
tyto 

lim D P (c(t),c(t )) <e (4.4) 

t\to 

(respectively lim Dp(c(t ), c(t)) < e ) (4.5) 
t/Ho 

for each i £ [a, &) (respectively t £ (a, i/ere 7 

DP{X ' V):= d( X ,y) ■ 
Then the curve c is rectifiable on [a,b]. 

Proof. Let v(9) denote a curve emanating from vq := p^p- 1 ^))) ex Pp 1 ( c ( Q )) m S p M. 
Here the parameter 9 denotes the oriented Euclidean angle measured from vq to v(6). By 
the assumption of our lemma, the curve c is parametrized by 9 ; 

m(9)=ex Pp (p(9)v(9)), 9e[0,9 Q }. 

Here p{9) = F (explicit))), v{9) = ^ exp" 1 ^)), m(0) = c(a), and m(0 o ) = c(6). 
From f)4.2p . (I4.3p . f)4.4p and f )4.5p . it follows that for any sufficiently fine subdivision 
u :— < ux < u 2 < ■ ■ ■ < u n := 9 of [0, 9 ], 

D P (m(ui),m(ui+i)) < e (4.6) 

and 

Dp(m(u i+ i),m{ui)) < e (4.7) 

hold for each i = 0, 1, 2, • • • , n — 1. 
Suppose first that 

Z; := d(p,m(ui)) < l i+l := d(p,m(u i+1 )) 

for some fixed i. By the triangle inequality, 

d(m(ui), m(u i+ i)) < d(m(ui),j i+ i(h)) + - h. (4.8) 

Here 7 i+ i : [0, — > M denotes the geodesic exp Jtv(u i+ i)). 

By applying Lemma I4T21 to the curve {exp (1^(9))]^ < 9 < u i+ i}, we get, by Lemma 



d(m(ui),ji + i(li)) < C(a)(u i+1 - ui), (4.9) 
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where a := max{c/(p, c(t)) | a < t < b}. Combining (I4.6p . (14. 8 P and H4.9[) we obtain 

rf(m(Mj),m(M i+ i)) < ^ " -Uj) (4.10) 

1 — e 

for any i with d(p,m(ui)) < 771(1^+1)). 
Suppose second that 

/i = d(p,m(ui)) > l i+ i = d(p,m(u i+1 )) 
for some fixed z. Then, by a similar argument as above, we get 

d(m(u i+1 ),m(ui)) < C(a)(u i+l - Ui) +k~ (4.11) 
Combining (14 .7p and (14. lip , we obtain 

d(m(u i+1 ),m(ui)) < f ° {u i+1 - Ui). 

1 — e 



Hence, by Lemma I4.1[ 



rf(m(Mi),m(M i+ i)) < ^ " C(a)(u i+ i - Ui 
1 — e 



for any z with d(p,m(ui)) > d(p,m(ui + i)). Therefore, the length 1(c) of c does not exceed 

^C(a)9 , (4.12) 
1 - e 

i.e., the curve c is rectifiable. □ 

5 Fundamental properties of a Jordan arc in the cut 
locus 

Let us recall that c : [0, 1] — > Cn is a Jordan arc in the cut locus of the closed subset N. 
For each t G [0, 1) (respectively t G (0, 1]), let (respectively E~^) denote the sector 
at c(t) that contains c(t, t + S) (respectively c(t — 5,t)) for some small 5 > 0. Let a/" and 
(respectively a~[ and /3 t _ ) denote the unit speed iV-segments to c{t) that form part of 
the boundary of (respectively E~^). Notice that for each t G (0, 1), af ^ /3 t + , and 

Then, with the notations above, we have the following important result. 

Proposition 5.1 Suppose that af ^ f3f for t = 0. Then for each t G [0, 1), the following 
limits from the right exist: 

1 

t"Vo F(ex P ; (to 

and 



f (to) + := hm - — exp c - ( ; o) (c(t)) (5.1) 

o) C[l > > 

1 



t\t F(exp c(t) c(t )) 1 J 



17 



Proof. Since S c ( tQ )M := {v G T C ^M \ F(v) = 1} is compact, any sequence 

{ 



F ( eX P C (to) C 

has a limit, where {e{\ denotes a sequence of positive numbers convergent to zero. Let 
v G S c (t )M be a limit of the sequence above. By choosing a subsequence, we may assume 
that the sequence has a unique limit. From Proposition 12.21 h follows that 

lim -77 771 7T— \ \ = 9x{X, v ) = g Y {Y, v ), 

1-+00 d{c{t ),c{t + Ei)) 

where X and Y are the tangent vectors of the unit speed iV-segment af and (3^ at 
c(t ), respectively. Since X 7^ Y, the space {Z G T c ( to )M | = 9y(Y,Z)} is a 

1-dimensional linear subspace of T c u \M. On the other hand, it is clear that any limits 

of — — ; — — - exp",! ^ c(t) as t \ t lie i n the common subarc J + (X, Y) of S c t to )M 

F ( eX P C (t ) C W) 

with endpoints X, Y. Hence, the limit Vq is the unique element of J + (X,Y) n {Z G 
T c ( to )M I gx{X,Z) = gy{Y,Z)}. This implies that the limit (15. ip exists. By applying 



Proposition 12. 3[ we can easily see that the limit (15 .2p exists. □ 
By reversing the parameter of c in Proposition 15.11 we have the following proposition. 



Proposition 5.2 Suppose that af 7^ /3 t + fort = 1. Then for each to G (0, 1], the following 
limits from the left exist: 

, 1 
v (to) '■= Jim — zr — T^exp ,(c(t)) 



^^(exp-^c^))^^) 



and 



u 6 (t ) := lim — _\ exp * (c(t )). 

t/to ^(exp^ c(t )) 



Lemma 5.3 J/ Ftv(c(0)) consists of a unique element a, then 



\imv f (t) + = \imv b (t)~ = a(l), 

t\o w t\o w w 



w/iere / = d(iV,c(0)). 



Proof. From the proof of Proposition 15.11 v-f(t) + (respectively v b (t) ) is the unique 
element of the set J + (X t ,Y t ) fl {Z G S c(t) M \ g Xt (X t ,Z) = g Yt (y t ,Z)}. Here X t = 
af(d(N,c(t))) (respectively X t = a^(d(N,c(t))) ) and Y t = (3f(d(N, c(t))) (respectively 
Y t = f3^~(d(N,c(t))) ). Since a is the unique element of Tn(c(0)), the arc J + (X t ,Y t ) 
shrinks to a{l) as t \ 0. Therefore, lim^o t^(t) + = lim^o v b (t)~ = a (I). 

□ 
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Lemma 5.4 Suppose that af 7^ /3 t + for t = 0. Then for each t G [0, 1) 

lim v f (t) + = v f (t ) + , and Urn v f (t)~ = —^——v f (t ) + . 
t\t w v uy t\t Q v ; F(-vf{t )+) v u; 

Proof. From the proof of Proposition 15. H v^(t)*, where * denotes + or — , is the unique 
element of the set 

J*(X t ,Y t ) n{Ze T c{t) M I g Xt {X t ,Z) = gy t (Y h Z)} 

for each t G (0,1). Here X t = a+(d(N,c(t))), and Y t = $?(d(N,c(t))), and J~{X u Y t ) 
denotes the complementary subarc of J + (X t ,Y t ) in S c u )M. Since lim^^ a\ = af and 
lim tVo /3 t * = we have lim tVo X t = X to , and lhm, Vo Y t = Y to . This implies that 
lim tVo v f (t) + = v f (t ) + and lim 4Vo v f (t)~ = F( _J( fo)+) ^ / (t ) + . □ 

Lemma 5.5 Suppose that af 7^ /3 t + for t = 0. T/ien /or eac/i to £ [0, 1), the following 
limits from the right exist: 



and 



\unD N (c(t ),c(t)) = g w {t )+(w(t ) + ,v f (t ) + ) (5.3) 
t\t 



lim D N (c(t),c(t )) = g w{t0 )+(w(t ) + ,v b {t ) + ), (5.4) 

t\to 



where 

w(t ) + := a+(d(N,c(t ))) or $+(d(N,c(t ))). 
Furthermore, for each compact subinterval [a,b] C [0, 1), there exists e G (0, 1) such that 

lim D N (c(t ), c(t)) < e and lim D N (c(t), c(t )) < e 

t\to t\to 

for each t G [a, b]. 

Proof. From Propositions 12. 2\ 12. 3} and 15.11 it follows that for each i £ [0, 1) 

iVi (to) := lim D N {c{t ), c(t)) = g x (X, v^t ) + ) = g Y (Y, ^(t ) + ) (5.5) 

t\to 



and 



N b + {t ) := lim D^(c(t), c(t )) = t, b (t ) + ) = Oy(F, i/(t )+) (5.6) 



hold. Here X := dJ(d(iV, c(t ))) and Y := $t~ (d( N ' c (*o)))- Hence Q and (JS3D are 
clear. We will prove the latter claim. From Lemma 1.2.3 in [S], it is clear that JV^ (t ) < 1 
and iV+(to) < 1 for each t G [0, 1). Notice that I/F, since af Q 7^ Suppose that 
there exists a sequence {s^} of numbers in [a,b] satisfying 

lim nUsj) = 1 or lim NUsj) = 1 (5.7) 

j—>oo j— >oo 

Thus, by flO]) . (RTBjl and (BTTjl . 

lim 0Xj (X„^( Sj ) + ) = lim 0yj (F J ,^( Sj ) + ) = 1 (5.8) 
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or 



lim g x> (X„v b (s,)+) = lim 9rj (y i ,«»( Sj )+) = 1 (5.9) 

holds. Here, X> := a+(d(N,c( Sj ))) and ^ := $+(d(N,c(sj))). 

By choosing a subsequence of {sj}, we may assume that Soo := linij^ooSj G [a, b], 
aoo : = lim j ^ 00 a+, (3^ := lim^oo/^ 4 ", := lim^ooX,- = a^^N, c(soo)), Foo := 
lim^ooFj = ^ oc (d(N, c(soo)), lim i ^ 00 w / (s j ) + and lim^oo u 6 (sj)+(e T c ( Soo) M) exist. By 
( 15. 8 p and (15. 9p . we obtain 

gxjX^, lim ^( Sj ) + ) = gyjY^, lim ^( Sj ) + ) = 1 (5.10) 

or 

gxJXn, lim ^( Sj )+) = gyjY^, lim = 1 (5.11) 

holds. 

Since and /Jqo are iV-segments that form part of the sector Ht , or S~^ s ■. at 

c(soo),Soo G [a, b] C [0,1), it follows from our assumption that Xoo 7^ Y^. Thus, by 
Lemma 1.2.3 in [S], we get a contradiction from the equations (I5.10p and (15. lip . This 

implies the existence of the number eo G (0, 1). □ 

Similarly, we have 

Lemma 5.6 Suppose that af 7^ (3^ for t = 0. Then for each to G (0, 1), the following 
limits from the left exist: 



and 



lim D N {c{t Q ), c{t)) = g w(to) - (w(* )~, v f (t )~) (5.12) 

t/*to 



lim D N (c(t),c(t )) = g w (t )-(w(t ) ,v (t Q ) ), (5.13) 

t/*t 

where 

w(t )~ :=a-(d(N,c(t ))) or fc (d(N,c(t ))). 
Furthermore, for each compact subinterval [a,b] C [0, 1), there exists e G (0, 1) such that 

lim D N (c(t ), c(t)) < e , and lim D N (c(t), c(t )) < eo 

tyt t/% 

for each t G (a, b]. 



6 Approximation by the distance function from a 
point 

Lemma 6.1 Suppose that af 7^ /3 t + for t = 0. T/ien /or any t G [0, 1) and each interior 
point p of the N -segment at, there exist positive numbers €\ G (0, 1) and 5o such that 

UmDp(c(t), c{u)) < €\ and lim Dp(c(u), c(t)) < e± 
for each t G [to,t + <5o)- Here P := {p}. 
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Proof. Suppose that to £ [0,1) is arbitrarily given. Choose any interior point p of 
the iV-segment at. Since the point c(t ) is not a cut point of the point p, there exists 
Si G (0, 1 — t ) such that the subarc c[t , t + Si] of c is disjoint from the cut locus of p. 
Notice that the cut locus of p is a closed subset of M. By applying Lemma 15.51 for the 
interval [to,t + Si], we get a number eo G (0, 1) satisfying 



and 



lira D N (c(t),c(u)) = g w a)+(w{t) + ,v f (t)' 

u\t 



]xmD N (c(u),c(t)) = g w{t) +(w(t) + ,v (t)~ 



< eo, 



< eo 



(6.1) 
(6.2) 



for each t G [to,t Q + Si]. Here w(t) + denotes a£(d(N,c(t))) in our argument. 

For each t G [to, to + Si], let (Vd p ) c (t) denote the (unit) velocity vector of the minimal 
geodesic segment from p to c(t) at c(t). Since (Vd p ) c (t ) = tf(to) + and limt\t -u;(t) + = 
w(to) + , we get a number <5 G (0, <5i) so as to satisfy that F((Vd p ) c ^—w(t) + )) is sufficiently 
small for each t G [t , t + So], so that 



9(Vd p ) cm {(Vd p ) c{t) ,v f (t) + ) - g w(t) +(w{t) + ,v f (t) + ) 



and 



9(Vd p ) c{t) ((Vd p ) c(t) , w 6 (t) + ) - ^ w( t)+ (w(t) + , w 6 (t)" 



< 



eo 



< 



2 

l-e 



(6.3) 



(6.4) 



hold for each t G [to,to + So\. Therefore, by the triangle inequality and the equations ( 16.1 

(El, (E3D and dS3D, 



and 



^(v<i P ) c{t) ((Vd p ) c ( t ),^ / (t) 
^(Vd P ) c(t) ((Vrf p ) cW ,w b (t) 



< 



< 



1 + eo 
2 

l + e 



for each t G [to, to + VI- 

On the other hand, by Propositions 12.21 12.31 and 15.11 we obtain 



limD P (c(t),c(u)) = g(yd v ) c(t) {.iyd p ) c{t) ,v } {t) 



(6.5) 
(6.6) 

(6.7) 



\imD P {c{u),c{t)) = g { v dpUt) ((Vd p ) c{t) ,v b (t) + ), (6.8) 

for each t G [t , t +5 ]. From ( 16. 5p . (16. 6p . ( 16. 7p and ( 16. 8p . it is clear that linw D P (c(t), c{u)) 
and liniu^f D P (c(w), c(t)) are less than ex := for each t G [to, to + So]. 

□ 

Lemma 6.2 Suppose that af ^ fif for t = 0. T/ien /or any to G [0, 1) and each interior 
point p of the N -segment af o , there exist positive numbers ei G (0, 1) and Sq such that 

lim D P (c(t), c(u)) < ei and lim D P (c(u), c(t)) < e 1 
for each t G (to, to + V]- 
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Proof. Suppose that to £ [0,1) is arbitrarily given. Choose any interior point p of 
the iV-segment at. Since the point c(t ) is not a cut point of the point p, there exists 
8\ G (0, 1 — t ) such that the subarc c[t , t + V of c is disjoint from the cut locus of p. 
By applying Lemma f576l for the interval [to, to + Si], we get a number eo G (0, 1) satisfying 

lim D N (c(t),c(u)) = g w (t)-(w(t)~,v f (t)-) < e , (6.9) 

U /'t 

and 



lim D N (c(u),c(t)) = g w M-(w(t) ,v b (t) ) < e 

u /-t 



(6.10) 



for each t G (tci^o + VI- Here w(t)~ denotes d^(d(N,c(t))) in our argument. Since 
(Vcip) c (t ) = w(to) + and lim t \t w{t)~ = w(to) + , we get a number <5 G (0,<5i) so as to 
satisfy that F((Vd p ) c (t) — w{t)~)) is sufficiently small for each t G [to^o + V] ; so that 



9(Vd p ) c ,J(yd p ) c(t) ,v f (t) ) - g w{t) -(w(t) ,v f (t) ) 



< 



and 



9(Vd p ) c ,J(Vd p ) c{th v b (t) ) - g w{t) -(w(t) ,v b (t) ) 



< 



1 -60 

2 

-e 



(6.11) 



(6.12) 



hold for each t G (to, + VI- Therefore, by the triangle inequality and the equations (16. 9 1) . 
(EHUD, (JBTTTj and flgTHZjl . 



^(v<i P ) c{i) ((Vrf p ) c ( t ),t; / (t) ) < 



and 



l + £o 
2 

l + e 



2(w P ) c(t) ((Vcy cW ,y (t) ) < 



(6.13) 



(6.14) 



for each t G (to^o + V]- On the other hand, by Propositions 12.21 12.31 and I5.2[ we obtain 

< f (+^ (6.15) 



and 



lim D P (c(t),c(u)) = g(vd p ) c(t) ((Vd p ) c(t) ,vt(ty 



lim D P (c(u),c(t)) = g(vd p ) c(t) ({Vd p ) c{th v b (ty 



(6.16) 



for each t G (t , t +S ]. From (1FTT3"]) . flBTMj) . fl6TT5|) and flBTTHj) . it is clear that lim n ^ t D P (c(t), c 
and lim u/ * t Dp(c(u),c(t)) are less than ei := -4p for each t G (to,^o + V- 

□ 

Lemma 6.3 // c(0) admits a unique N -segment, then there exist eo,o~o G (0, 1) satisfying 
that lim^t D N (c(t), c{u)) > e for eacht G [0,5 ) ; andlim u ^ t D N (c{u),c{t)) > e for each 
t G (0,V]- 

Proof. Since c(0) admits a unique iV-segment a : [0, /] — >■ M, lim^o w(t) ± = d(Z). Hence, 
by Lemmas 5.3, we obtain 

limg w{t) +(w(t) + , v f (t) + ) = 1, and limg w(t) -(w(t)~ ,v b (ty) = 1. 



Therefore, by (15.31) and (15.131) . the existence of the numbers eo and 5o is clear. 



□ 



22 



Theorem 6.4 Any Jordan arc in the cut locus of a closed subset in a (forward) complete 
2- dimensional Finsler manifold is rectifiable. 



Proof. Let c : [0, 1] — > Cn be a Jordan arc on the cut locus Cn of a closed subset N. 
Let t G [0, 1) be arbitrarily given. Suppose that ^ (3f for t = t . Choose any interior 
point p of the iV-segment af . Then, from Lemmas 15.41 16.11 and 16.21 it is clear that the 
point p satisfies the hypothesis of Lemma l4"~4l for some interval [to, to + So]. Therefore, from 
Lemma S3 it follows that c\[ to ^o+s ] is rectifiable. Suppose next that af = [3f for t = t . 
This means that to = and c(0) admits a unique iV-segment. From Lemmas 14.31 and 16.31 
c is rectifiable on [0,<5 2 ] = [t ,to + 5 2 ] for some positive 5 2 . By reversing the parameter 
of c, we have proved that for each to £ [0, 1], there exists an open interval containing to 
where c is rectifiable. This implies that c is rectifiable on [0, 1]. □ 

7 The topology induced by the intrinsic metric on 
the cut locus 

Let N be a closed subset of a 2-dimensional (forward) complete Finsler manifold M. By 
Theorems 13.61 and 16.41 any two cut points y±, y 2 G Cn can be joined by a rectifiable arc in 
the cut locus Cjv of N if y\ and y 2 are in the same connected component of the cut locus 
of the closed subset N. Therefore, we can define the intrinsic metric 5 on Cn as follows: 

1. if yi , yi G Cn are in the same connected component, 



2. otherwise 5(yi,y 2 ) := +oo. 

Recall that /(c), given in (14. ip . denotes the length for a continuous curve c : [a, b] — > M. It 
is fundamental that 1(c) equals the integral length L(c) defined in (11.11) for any piecewise 
C 1 -curve c (see |BMj for this proof). We will prove in Theorem 17.51 that /(c) = L(c) 
holds for any Lipschitz continuous curve c. Notice that for any Lipschitz curve c, c(t) is 
differentiable for almost all t. 

The following theorem for a Lipschitz function is a key tool in the argument below. 
The proof is immediate by taking into account Theorem 7.29 in [WZj . for example. 

Theorem 7.1 If f : [a, b] — )• R is a Lipschitz function, its derivative function f'(t) exists 
for almost all t and 



holds for any t G [a, b]. 

Lemma 7.2 Let 7 : [0, 1] — > M be a Lipschitz curve on M and let f : [0, 1] — > [0, 00) be 
the distance function fit) := d(q,^(t)) from a point q. Then f is a Lipschitz function and 
f'(t) < F( 7 (t)) holds for almost all t G (0, 1). 



S(yi, y 2 ) ■= inf{/(c)| c is a rectifiable arc in Cn joining y x and y 2 }, 
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Proof. It follows from the triangle inequality that the function / is Lipschitz. 

From Theorem 17.11 it follows that the curve 7 and function / are differentiable almost 
everywhere. Using again the triangle inequality, for any small positive number h, we have 



f(t + h) = d(q, j(t + h)) < f(t) + d(j(t), j(t + h)) 
and therefore, if f'(t) exists, then 

m = Um fJtlRzM < Um *MhjMM = nm , 

w h\o h ~ h\o h wv 

where we have used the well-known Busemann- Mayer formula (see the original paper 
|BMj . or a more modern treatment |BCSj . p. 161). See also the proof of Lemma [7.61 

□ 

Lemma 7.3 The length of the Lipschitz curve 7 satisfies 

K7l[0,a]) + Kl\[a,a+h]) = i(7l[0,o+h]), 

for any non-negative h < 1 — a. In particular, the function Z(c| ro,*]) is Lipschitz. 

Proof. It follows directly from ( 14. ip . □ 

Lemma 7.4 For almost all t e (0, 1) we have 

j t i(i\m)>Fm)- 

Proof. Suppose that the function ^ I [o,*]) an d 7 are differentiable at t = t . Using Lemma 
17.31 we have 

d \ z(7| j = ^ /(7| [ o, f o + , 1 )-/(7| [ o A)] ) = }ini l(l\ [t0 ,t 0+h] ) 



dt J t 1 ' 1 h\o h h\o h 



and from ( 14. ip it follows that 

d(j(t ),j(t + h)) 



d\ . . . 
-jj(7| [0 , 0] )>hm. 



□ 



We can formulate now one of the main results of this section. 

Theorem 7.5 For any Lipschitz curve 7 : [0, 1] — > M, £(7) equals £(7). 

Proof. For any subdivision t — < t± < t 2 < • • • < t n = 1 of [0, 1], from Theorem 17.11 
and Lemma [7.21 it follows that 

d{c{U),c(t i+1 ))= f + jd(c(ti),c(t))dt< I + F(<y(t))dt. 

J t{ J t-i 
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By summing, it follows that 



n-l „i 

J2d{c{ti),c{t i+1 ))< F(j(t))dt = L( 7 ). (7.1) 



On the other hand, by Theorem 17.11 and Lemma 17.41 



1 d 



Ki) = J o Jt Kl\m)dt> j F(j(t))dt = L(j). (7.2) 

The conclusion follows from the relations (17. ip and ( 17. 2p . □ 

It can be seen that the function 5 is a quasi-distance on Cat. It is clear that Lemma 
14.11 holds for the quasi-distance function 5. Thus lim.^^ 8(x, x n ) = is equivalent to 
lim^oo S(x n , x) — for any sequence {x n }. In the case where F is absolute homogeneous, 
5 is a genuine distance function on Cat. 

Let c : [0, a] — > Cn be a Jordan arc parametrized by arclength, i.e., Z(c| [o,*]) — t for all 
t G [0, a], where / is given in (14. ip . By definition we have 

d(c(ti), c(t 2 )) < <f(c(ti), c(t 2 )) < l(c\ [tlM ) = \h - t 2 \ (7.3) 

for any ti,t 2 G [0, a]. This implies that c : [0, a] — > M is a Lipschitz map (with respect to 
d) and hence c is different iable for almost all t. We will prove that c is a unit speed curve, 
i.e., F(c(t)) = 1 for almost all t. 

Lemma 7.6 For almost all t, F(c(t)) = 1. Conversely, if F(c(t)) = 1 for almost all t, 
then c is parametrized by arclength. 

Proof. Suppose that c is differentiable at t G (0,a). Since 

lim ^ (c(to) ' c(t)) = lim F ( ^1^1) = F^exp- .) (t Mi*)) = F(c(t o) ), 
t\to t-t t\t y t-t J VV ^°) JU *o) v 0JJ v v o;;, 

we get, by ( I7.3p . F(c(t )) < 1. Hence, F(c(t)) < 1 for almost all t. Since a = /(c) = 
f^F(c(t))dt, by Theorem 1731 it results J Q a (1 - F(c(t))) dt = 0. Thus, F(c(t)) = 1 for 
almost all t, since 1 - F(c(t)) > 0. □ 

The following two lemmas follow immediately from Propositions 12. 2} 12.31 and Lemma 



Lemma 7.7 For almost all t, we have 

c(t) = v f (t)+ = v\ty. 

Lemma 7.8 Suppose that c(t) is differentiable at t = to- If d^ ° c(t) is differentiable 
at t = t , then (d^ ° c)'(to) = 9x(X,c(to)), where X denotes the velocity vector of an 
N -segment to c(t ). 
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Remark 7.9 It is clear that (d^ o c)(t) is differentiable at t = to if c(to) is not a branch 
cut point and if c(t) is differentiable at t = to. Here a cut point c(t) is called a branch 
cut point if c(£) admits more than two sectors. It will be proved in Lemma 18.11 that there 
exist at most countably many branch cut points. 

Lemma 7.10 If {c(t n )}, where t n G (0, a], is a sequence of points on the curve c conver- 
gent to c(0) (with respect to d), then lim^oo 5(c(0), c(t n )) = 0. 

Proof. Let {t ni } be any convergent subsequence of {t n }. Since limn^oo d(c(0), c(t n )) = 
and c is continuous, we get d(c(Q), c(ioo)) = 0, where t^ denotes the limit of {t n .}. Thus, 
c(0) = c^oo) and = 0. This implies that lim^oo^ = 0. By definition, S(x,c(t n )) < 
K c \[o,t n ]) = t n . Therefore, lim^^ <J(c(0), c(t n )) = 0. 

□ 

Lemma 7.11 Let {x n } be a sequence of cut points of N convergent to a cut point x. If 
all x n lie in a common sector H x at x, then \im n ^. 00 8(x,x n ) = 0. 

Proof. For each n, let e n : [0, a n ] — > Cn denote a unit speed Jordan arc joining from x 
to x n . It is clear that c := e\ and e n (n > 1) are Jordan arcs emanating from the common 
cut point x. Suppose that e n (0,a n ] and c(0,a], where a := a±, have no common point for 
some n > 1. Let {ej} be a decreasing sequence convergent to zero. Since e n (0,a n ] and 
c(0, a] have no common point, we get the subarc q (lying in S x .) of the circle centered at 
x with radius e, cut off by e n and c for each z. Let 7, denote an iV-segment to an interior 
point of Ci for each i. Then, any limit iV-segment of the sequence {7^} as i — > 00, is an 
iV-segment to x lying in S x . This contradicts the definition of a sector. Therefore, there 
exists t n G (0, a n ] satisfying e n = c on [0,t n ] for each n. From Theorem 13.61 and Lemma 
17.101 lim^oo 5(x, c{t n )) = 0. Hence, by the triangle inequality, it is sufficient to prove 
lim^oo 5(c(t n ), x n ) = 0. It is obvious that each sector at e n (t)(t n < t < a n ) containing 
e n (t, t + 5) for small 8 > shrinks to an iV-segment to x as n — > 00. Therefore, by Lemma 
17.81 there exists e G (0, 1) such that 

(d N o e n )'{t) < -e 

for almost all t G (t n ,a n ) and for all n. By integrating the equation above, we get 
S(c(t n ),x n ) < ^■(d(N,c(t n )) — d(N, x n )) for all n. Since lim^oo d(N, c{t n )) = d(N,x) = 
lim^oo d(N, x n ), we obtain lim n _ >00 5(c(t n ), x n ) =0. □ 

Lemma 7.12 Let {x n } be a sequence of cut points of N convergent to a cut point x. If 
there are no sectors at x that contain an infinite subsequence of the sequence {x n }, then 
lim ri ^ 00 5(x,x n ) = 0. 

Proof. For each n, let S n denote the sector at x containing x n . Then, from the hypothesis 
of our lemma, the sequence {S n } shrinks to an iV-segment to x. By applying the argument 
for the pair x n and c(t n ) in the proof of Lemma 17.111 to the pair x and x n , we get a 
number e G (0,1) satisfying 5(x,x n ) < j- (d(N, x) — d(N, x n )) for each n. Hence we 
obtain lim n ^oo 5(x, x n ) = 0. □ 
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Theorem 7.13 Let N be a closed subset of a forward complete 2- dimensional Finsler 
manifold (M,F) and Cn the cut locus of N. Then, the topology of induced from the 
intrinsic metric S coincides with the induced topology of from (M,F). 

Proof. It is sufficient to prove that for any x G CV and any sequence {x n } of cut points of 
N, lim n ^ 00 S(x, x n ) = if and only if lim^oo d(x, x n ) = 0. Since d(x, y) < S(x, y) for any 
x, y G Cat, it is trivial that lim^oo S(x, x n ) = implies lim^oo d(x, x n ) = 0. Suppose that 
lim^oo d(x, x n ) = 0. By assuming that there exist an infinite subsequence {x ni } of {x n } 
and a positive constant rj satisfying 8(x, x nj ) > r\ for any ni, we will get a contradiction. 
We may assume that all x ni lie in a common sector H x at x or each x ni is contained in 
a mutually distinct sector at x, by choosing a subsequence of {x ni } if necessary. From 
Lemmas 17.111 and 17. 121 we get < r] < \im n ^ 00 5(x,x ni ) = 0. This is a contradiction. □ 

8 Proof of the completeness with respect to the in- 
trinsic metric S 

Let {x n } denote a forward Cauchy sequence of points in CV with respect to 5. Here, 
without loss of generality, we may assume that 5(x n , x m ) < oo for all n < m, i.e., all x n lie 
in a common connected component of Cat. Since d < 5, the sequence is a forward Cauchy 
sequence with respect to d. The metric space (M, d) is forward complete, therefore there 
exists a unique limit point linv-^ooXn =: q. Since lim^oo d(x n , q) = lim^oo d(q, x n ) = 0, 
we may choose a positive integer n\ and the positive number 5$ chosen in Section 3 for 
the cut point x := x ni so as to satisfy q G Bs (x). We fix the point x = x ni . Choose any 
small positive number e so as to satisfy 

d{q,x)>2e (8.1) 

and 

BJ e (q)cB 5o (x) (8.2) 

and fix it. Since the sequence {x n } is a forward Cauchy sequence with respect to 5, we 
may choose a positive integer n := n (e) in such a way that 

5(x no ,x no+k ) < | (8.3) 

for all k > and 

d(q,x no )<^. (8.4) 

For each integer k > 1, let : [0,a k ] — > Cn denote a unit speed Jordan arc joining x no 
to x„ +fc. By (18.11) . we may assume that 

a k < |. (8.5) 
Lemma 8.1 For each k > 1, Cfc[0,afc] is a subset of B e (q). 
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Proof. It follows from Theorem 17. 1[ Lemmas I7.2l andl 7. 61 that d(q, Ck(t)) < d(q, x no )+t for 
any t G [0, a*/]. Since < ~ by (I8.5p and d(q,x no ) < ~ by f)8.4p . we obtain d(q,Ck(t)) < e 
for any t G [0, a k }. 

□ 

Lemma 8.2 There exists a sector E ?e at a cut point q e , which is not an endpoint of Cn, 
such that q G E 9e and d(q, q e ) = 2e. Hence there exists a sector E 9 at a cut point q ei of 
N, which is not an endpoint of Cn, such that q G E g C E 9e and d(q, q ei ) = 2e\ for some 
< ei < e. 

Proof. Let c : [0,b] — > Cn denote a unit speed Jordan arc joining x to x no . Let c(t ) 
denote a point on the arc c with d(q,c(t )) = e. The existence of c(t ) is clear, since 
d(q,c(0)) = d(q,x) > 2e and d(q,c(b)) = d(q,x no ) < § by (jSHJ) and (IP]) . Let S+ (to) 
denote the sector at c(to) containing x no . By Lemma IHTTl x no+ fc G £^ ) for all fc > 1. 
Hence, the point q is an element of the closure of £i to \- Since the closure of ^(t ) ^ s a 
subset of ^c(t) ^ or an y ^ < ^0) ? is an element of E+, where denotes the sector at c(t) 
containing x no and q e denotes a point on the arc c with d(q, q e ) = 2e. Hence the sector 
E+ has the required property. 

□ 

Lemma 8.3 Let {E n } be a decreasing sequence of sectors (i.e., Ei D E 2 D S 3 D . . . ) 
such that each E n is a sector at a cut point q n of N. Suppose that lim^oogn := q exists 
and q G E„ for all n. If q n is not an endpoint of Cn for all n, then q is a cut point of N. 

Proof. For each n, let a n and /3 n denote the iV-segments that form part of the boundary 
of E re . Since q n is not an endpoint of Cn for each n, a n ^ (3 n for each n. Suppose first that 
there exists a subsequence of {E n } which does not shrink to a single iV-segment. Then, 
there exist at least two iV-segments to q. This implies that q is a cut point of N. Suppose 
next that the sequence shrinks to a single iV-segment. Then, {a n } and {(3 n } shrink to a 
common iV-segment 7 : [0, 1] — > M to q = 7(7). Let 7 : [0, 00) — > M denote the geodesic 
extension of 7. For any sufficiently large n, 7 intersect the iV-segment a n or f3 n at a point 
7(^1), In > I- Since Hm^oo j(l n ) = = q, and 7i[o,j„] is not an ^-segment, q is a cut 
point of N. 

□ 

Theorem 8.4 Let N be a closed subset of a forward complete 2-dimensional Finsler 
manifold (M,F). Then the cut locus Cn of N with the intrinsic distance 5 is forward 
complete. 

Proof. Let {x n } denote a forward Cauchy sequence with respect to 5. Then, there exists a 
unique limit lim^oo x n =: q with respect to d, since d < 5 and (M, d) is forward complete. 
By Lemma l8T2"l there exists a decreasing sequence of sectors E n at cut points q n such that 
lim^oo q n = q with respect to d and none of q n is an endpoint of Cn- Hence, by Lemma 
18. 3[ q is a cut point of N. From Theorem 17. 13[ we obtain lim^oo 6(x n , q) = 0. 

□ 
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9 The proof of Theorem C 



For each sector £ at a cut point x of N, we define a number //(£) by 

//(£) :=mzx{g x (X,Y),g Y (Y,X)}, 

where X and Y denote the velocity vectors at x of the two unit speed iV-segments that 
form part of the boundary of E. It follows from Lemma 1.2.3 in [S] that //(£) < 1 if 
X Y. Recall that if a cut point x of N admits more than two sectors, then x is called 
a branch cut point (see Remark [7.91) . 

For each n = 1,2,3, let A n denote the subset of Cm which consists of all branch 

cut points that admit three sectors £*, i = 1,2, 3, satisfying < 1 . It is clear that 

U^Li A n is the set of all branch cut points of Cm- 

Lemma 9.1 For each n, the set A n is locally finite. Hence, the set of all branch cut 
points is at most countable. 

Proof. By assuming that there exists a ball B r (x), (0 < r < oo) containing infinitely 
many elements z a of A n for some n, we will get a contradiction. The set {z a } has an 
accumulation point z. The point z is also an element of A n , since any two iV-segments 
forming the three sectors £ with //(£) < 1 — - < 1 cannot shrink to a single iV-segment. 
Let {zj} denote a sequence of points of {z a } convergent to z. Without loss of generality, 
we may assume that all Zj are in a common sector at z or each Zj lies in a mutually 
distinct sector at z, by taking a subsequence if necessary. Thus, there exist at most two 
limit iV-segments to z of the sequence of iV-segments to Zj. This contradicts the fact 

□ 

By Lemma [9~T| there exist at most countably many branch cut points, but we do not know 
if the closure A N of U^Li A n is countable or not. Here, we choose a tree T C Cn(~\Bs (x), 
where x is a cut point of ./V and So is the positive number chosen in Section El We define 
a subset T b of T by 

T b := {y G An D T \ y admits a sector having no branch cut points in T}. 



Lemma 9.2 The set T b is countable. 

Proof. For each element y e T b , there exists the subarc c y of Ss {x) cut off by the sector 
at y that has no branch cut points. It is clear that c yi r\c y2 =0 if y\ ^ y%- Since there exist 
at most countably many non-overlapping subarcs of Sg (x), it follows that T b is countable. 
□ 

Theorem 9.3 The set \ is a union of countably many Jordan arcs, where 
denotes the set of all endpoints of Cm- 
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Proof. By Lemmas 19.11 and I9.2[ there exist at most countably many elements {xj | % = 
1,2,3,...} in T b U (T PI IJ^°=iAi)- Since it is trivial to see that T consists of a unique 
Jordan arc if T has no branch cut points, we may assume that x\ is a branch cut point. 
For each Xi(i > 1), let mi : [0, aj] — > T be the unique Jordan arc joining from x\ to 
Choose any q G T \ l m *l' where |mj| := rn,j[0,aj]. Let c : [0, 6] — > T be the Jordan 
arc joining from x\ to q. If g is not an endpoint of the cut locus Cn, c has an extension 
c : [0,6] — > T. Then, q [J^ l m *l i m phes that c\/ bb \ does not intersect any Xi and hence 
has no branch cut points. Let b\ (< b) be the maximum number hi with c(pi) = Xj for 
some j. Then, q lies in a Jordan arc (without any branch cut points except Xj) emanating 
from some Xj. At each Xi there exist at most countably many such Jordan arcs in T. 
Therefore, T \ (C^ U |J°^ 2 l m «l) i s a union of countably many Jordan arcs. This implies 
that Cn\ is a union of countably many Jordan arcs. 

□ 

Remark 9.4 Recall that even in the Riemannian case, there are compact convex surfaces 
of revolution such that the cut locus of a point on the surface admits a branch cut points 
with infinitely many ramifying branches QGSj ). 

A critical point of the distance function on a Finsler manifold is defined analogously 
to the Riemannian distance function (see [U]), i.e., a point q G M \ N is called a critical 
point of the distance function from iV if for any tangent vector v at q, there exists 
an iV-segment 7 : [0, 1] — > M to q — such that gi(i){i(l),v) < 0. It is trivial that 
any critical point of admits at least two iV-segments, and hence any critical point 
is a cut point of N. Notice that the Gromov isotopy lemma ([C]) holds for the distance 
function djy. The proof of the isotopy lemma for the distance function djy is the same as 
the Riemannian case. 

Lemma 9.5 Let c : [a, b] — > CV be a unit speed Jordan arc. Suppose that c(t) and 
(djy c)(t) are differentiable at t = t G (a, b). If c(t ) is a critical point of d^, then 
(d N o c )'(to) = 0. 

Proof. By supposing that (dN c)'(t ) ^ 0, we will get a contradiction. We may assume 
that (djq c)'(^o) > 0, by reversing the parameter of c if necessary. From Proposition 12.21 
it follows that 

< (d N o c)'(t ) = g x (X, c(* )) < g Y {Y, c(t )) 

for the velocity vector Y at c(to) of any iV-segment to c(to). Here X denotes the velocity 
vector at c(£o) of an iV-segment that form part of the boundary of the sector ^(to) a ^ 
c(t ). Hence, gy(Y, c(t )) > for the velocity vector Y at c(t ) of any iV-segment to c(t ). 
This contradicts the fact that c(to) is a critical point of d^- 

□ 

Lemma 9.6 For each unit speed Jordan arc c : [a, b] — > Cn, there exists a measure zero 
subset £ of d x c[a, b] such that if (dN c) (t) G' £, then (dN c)'(t) 7^ 0. 
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Proof. It was proved in Lemma 3.2 of |ShTj that the Sard theorem holds for a continuous 
function of one variable, i.e., the set 

E\ := {d N o c{t) | (d N o c) is differentiable at t G (a, b) and (oIn ° c)'(i) = 0} 

is of measure zero. On the other hand, d^oc is differentiable almost everywhere, since djqoc 
is a Lipschitz function. Hence, the image £2 of non-differentiable points of d^ o c by this 
Lipschitz function is of measure zero. Therefore, the set £ := £\\J £ 2 U {d^ic^a)), c?Ar(c(6))} 
is of measure zero and satisfies the required properties. □ 

Theorem 9.7 Let N be a closed subset of a 2- dimensional Finsler manifold (M,F). 
Then, there exists a subset £ C [0,sup<iAr) of measure zero such that for any t G 
(0, suprfjy) \ £, the set dj^^t) is a union of disjoint continuous curves. Furthermore, 
any point q G d]^(t) admits at most two N -segments. In particular, d]^ (t) is a union of 
finitely many disjoint circles if N is compact. 

Proof. Let C h N denote the set consisting of all branch cut points of N. S ince Cj\r is at 
most countable by Lemma I9TT1 the set £ b := g?tv(Cat) is of measure zero. By Theorem 19.31 
Cn \ Cn £ = Uili where q : [a«, bj\ — > Cn denotes a unit speed Jordan arc. Hence, by 
applying Lemmas 19 . 51 and [9TB1 for each c iy there exists a measure zero set £j C {d^oci) [a^, bj\ 
such that if {djqoCi){t) ^ £ iy then (d N oci)'(t) 7^ 0. Let CV C denote the set consisting of all 
endpoints of Cat admitting more than one iV-segment. Since Cn c is a countable set, the 
set £ c := dN{CN c ) is of measure zero. Thus, the set £ := U^i U ^ 6 U £ c is of measure 
zero. Choose any s G (0,sup<iAr) \ £, and fix it. Suppose that d] v 1 (s) contains a critical 
point q of d^. If the point q is an endpoint of Cjy, then the point is an endpoint admitting 
more than one iV-segment. Hence s = c?Ar(g) G £ c , which contradicts our assumption 
s ^ £. This implies that q G Cjy\CN e = Ui^i l c «l an d the point is a critical point of djy on 
some Ci[di, bi}. Suppose that q = Q(tj) for some t« G [a«, bj\. Since s G' £i, (d^ o Ci)(ti) ^ 0. 
This is a contradiction by Lemma [931 since q = Cj(^) is a critical point of dN- Therefore, 
any point q G M \ N with d^iq) G (0,sup<ijv) \ £ is not a critical point and admits at 
most two iV-segments. 

□ 
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